Lehmer's totient problem consists of determining the set of positive integers n such that '.n/ j .n 1/ where ' is Euler's totient function. In this paper we introduce the concept of k-Lehmer number. A k-Lehmer number is a composite number such that '.n/ j .n 1/ k . The relation between k-Lehmer numbers and Carmichael numbers leads to a new characterization of Carmichael numbers and to some conjectures related to the distribution of Carmichael numbers which are also k-Lehmer numbers.
Introduction
Lehmer's totient problem asks about the existence of a composite number such that '.n/ j .n 1/, where ' is Euler's totient function. Some authors refer to these numbers as Lehmer numbers. In 1932, Lehmer [14] showed that every Lehmer number n must be odd and square-free, and that the number of distinct prime factors of n, !.n/, must satisfy !.n/ > 6. This bound was subsequently extended to !.n/ > 10. The current best result, due to Cohen and Hagis [10] , is that n must have at least 14 prime factors and the biggest lower bound obtained for such numbers is 10 30 (see [18] ). It is known that there are no Lehmer numbers in certain sets, such as the Fibonacci sequence [16] , the sequence of repunits in base g for any g 2 OE2; 1000 (see [9] ) or the Cullen numbers [12] . In fact, no Lehmer numbers are known up to date. For further results on this topic we refer the reader to [4, 5, 17, 19] .
A Carmichael number is a composite positive integer n satisfying the congruence b n 1 Á 1 (mod n) for every integer b relatively prime to n. Korselt [13] was the first to observe the basic properties of Carmichael numbers, the most important being the following characterization:
Proposition 1 (Korselt, 1899) . A composite number n is a Carmichael number if and only if n is square-free, and for each prime p dividing n, p 1 divides n 1.
Nevertheless, Korselt did not find any example and it was Robert Carmichael in 1910 [7] who found the first and smallest of such numbers (561) and hence the name "Carmichael number" (which was introduced by Beeger [6] ). In the same paper Carmichael presents a function defined in the following way:
With this function he gave the following characterization:
Proposition 2 (Carmichael, 1910) . A composite number n is a Carmichael number if and only if .n/ divides .n 1/.
In 1994 Alford, Granville and Pomerance [1] answered in the affirmative the longstanding question whether there were infinitely many Carmichael numbers. From a more computational viewpoint, an algorithm to construct large Carmichael numbers has been given [15] . Also the distribution of certain types of Carmichael numbers is studied [3] .
In the present work we introduce the condition '.n/ j .n 1/ k (that we shall call k-Lehmer property and the associated concept of k-Lehmer numbers. In Section 2 we give some properties of the sets L k (the set of numbers satisfying the k-Lehmer property) and
characterizing this latter set. In Section 3 we show that every Carmichael number is also a k-Lehmer number for some k. Finally, in Section 4 we use Chernick's formula to construct Carmichael numbers in L k n L k 1 and we give some related conjectures.
A Generalization of Lehmer's Totient Property
Recall that a Lehmer number is a composite integer n such that '.n/ j .n 1/. Following this idea we present the definition below.
Definition 3. Given k 2 N, a k-Lehmer number is a composite integer n such that '.n/ j .n 1/ k . If we denote by L k the set
it is clear that k-Lehmer numbers are the composite elements of L k .
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Once we have defined the family of sets ¹L k º k 1 and since L k Â L kC1 for every k, it makes sense to define a set L 1 in the following way:
The set L 1 is easily characterized in the following proposition.
Proposition 4. The set L 1 defined above admits the following characterization:
Proof. Let n 2 L 1 . Then n 2 L k for some k 2 N. Now, if p is a prime dividing '.n/, it follows that p divides .n 1/ k and, being prime, it also divides n 1. This proves that rad.'.n// j .n 1/.
On the other hand, if rad.'.n// j .n 1/ it is clear that '.n/ j .n 1/ k for some k 2 N. Thus n 2 L k Â L 1 and the proof is complete.
Obviously, the composite elements of L 1 are precisely the Lehmer numbers and the Lehmer property asks whether L 1 contains composite numbers or not. Nevertheless, for all k > 1, L k always contains composite elements. For instance, the first few composite elements of L 2 are (sequence A173703 in OEIS): Observe that in the previous list of elements of L 2 there are no products of two distinct primes. We will now prove this fact, which is also true for Carmichael numbers. Observe that this property is no longer true for L 3 since, for instance, 15 2 L 3 and also the product of two Fermat primes lies in L 1 .
In order to show that no product of two distinct odd primes lies in L 2 , we will give a stronger result which determines when an integer of the form n D pq (with p ¤ q odd primes) lies in a given L k . Proof. By the previous proposition and using the same notation, pq 2 L 2 if and only if a C b Ä 2a and˛ˇdivides 1. Since a Ä b, the first condition implies that a D b and the second condition implies that˛DˇD 1. Consequently p D q, a contradiction.
It would be interesting to find an algorithm to construct elements in a given L k . The easiest step in this direction, using similar ideas to those in Proposition 6, is given in the following result. We will end this section with a table showing some values of the counting function for some L k . If C k .x/ WD ]¹n 2 L k W n Ä xº;
we have the following data. In the light of the table above, it seems that the asymptotic behavior of C k does not depend on k. It is also reasonable to think that the relative asymptotic density of the set of prime numbers in L k is zero and that the relative asymptotic density of L k in the set of cyclic numbers (see Lemma 9 below) is zero in turn. These ideas motivate the following conjecture. (i) C k .n/ Ð C 1 .n/ for every k 2 N, (ii) lim n!1 n C 1 .n/ log log log n D 1, (iii) lim n!1 n C 1 .n/ log n D 0, (iv) C 1 .n/ 2 O. n log log n /.
Relation with Carmichael Numbers
This section will study the relation of L 1 with square-free integers and with Carmichael numbers. The characterization of L 1 given in Proposition 4 allows us to present the following straightforward lemma which, in particular, implies that L 1 has zero asymptotic density (like the set of cyclic numbers, whose counting function is O.
x log log log x / (see [11] ).
Lemma 9. If n 2 L 1 , then n is a cyclic number, i.e., gcd.n; '.n// D 1 and consequently square-free.
Recall that every Lehmer number (if any exists) must be a Carmichael number. The converse is clearly false but, nevertheless, we can see that every Carmichael number is a k-Lehmer number for some k 2 N. Proposition 10. If n is a Carmichael number, then n 2 L 1 Proof. Let n be a Carmichael number. By Korselt's criterion n D p 1 p m and p i 1 divides n 1 for every i 2 ¹1; : : : ; mº. We have that '.n/ D .p 1 1/ .p m 1/ and we can put rad.'.n// D q 1 q r with q j distinct primes. Now let j 2 ¹1; : : : ; rº; since q j divides '.n/, it follows that q j divides p i 1 for some i 2 ¹1; : : : ; mº and also that q j divides n 1. This implies that rad.'.n// divides n 1 and the result follows.
The two previous results lead to a characterization of Carmichael numbers which slightly modifies Korselt's criterion. Namely, we have the following result.
Theorem 11. Let n be a composite number. Then n is a Carmichael number if and only if rad.'.n// divides n 1, and p 1 divides n 1, for every prime divisor p of n.
Proof. We have already seen in Proposition 10 that if n is a Carmichael number, then rad.'.n// divides n 1 and, by Korselt's criterion p 1 divides n 1 for every prime divisor p of n.
Conversely, if rad.'.n// divides n 1, then by Lemma 9 we have that n is square-free, so it is enough to apply Korselt's criterion again.
The set L 1 not only contains every Carmichael number (which are pseudoprimes to all bases). It is known that every odd composite n (with the exception of the powers of 3) has the property that it is a pseudoprime to base b for some b in OE2; n 2. In fact there is a formula [2] for the total number of such bases. In our case the elements of L 1 are pseudoprimes to many different bases. Some of them are explicitly described in the following proposition. for some a with gcd.a; n/ D 1. Then n is a Fermat pseudoprime to base b.
Proof. Since n 2 L 1 , it is odd and rad.'.n// divides n 1. It would be interesting to study the way in that Carmichael numbers are distributed among the sets L k . In this section we will present a first result in this direction together with some conjectures.
Recall Chernick's formula [8] ,
.9 2 i m C 1/I U k .m/ is a Carmichael number provided all the factors are prime and 2 k 4 divides m. Whether this formula produces an infinity quantity of Carmichael num-bers is still not known, but we will see that it behaves quite nicely with respect to our sets L k .
Proposition 13. Let k > 2. If .6m C 1/, .12m C 1/, .9 2 i m C 1/, i D 1; : : : ; k 2, are primes and m Á 0 (mod 2 k 4 ) is not a power of 2, then U k .m/ 2 L k n L k 1 .
Proof. It can be easily seen by induction (we give no details) that
On the other hand we have that
We now show that U k .m/ 2 L k . To do so we study two cases: This result motivates the following conjecture.
Conjecture 14. For every k 2 N, L kC1 n L k contains infinitely many Carmichael numbers. Now, given k 2 N, let us denote by˛.k/ the smallest Carmichael number n such that n 6 2 L k :
.k/ D min¹n W n is a Carmichael number, n 6 2 L k º:
